This note outlines (i) why σ-convergence may not accompany β-convergence; (ii) cites evidence of β-convergence in the U.S.; (iii) demonstrates that σ-convergence does not hold across the U.S., or within most U.S. states; and (iv) demonstrates the robustness of this finding to increases in mean income. The distributions of shocks appear important towards accounting for income disparity.
I. Introduction
Barro and Sala-i-Martin (1995) and Sala-i-Martin (1996) draw a useful distinction between two types of convergence in growth empirics: σ-convergence and βconvergence. When the dispersion of real per capita income (henceforth, simply "income") across a group of economies falls over time, there is σ-convergence. When the partial correlation between growth in income over time and its initial level is negative, there is β-convergence. β-convergence is not a sufficient condition for σ-convergence. Quah (1993) and Friedman (1992) both suggest that σ-convergence should be of interest since it speaks directly as to whether the distribution of income across economies is becoming more equitable. Still, β-convergence remains a primary focus of growth empirics, perhaps 2 Sala-i-Martin (1996) makes a distinction between conditional β-convergence (as described above) and absolute β-convergence, where poor economies simply grow faster than wealthy ones. For simplicity, and since absolute β-convergence can be a specific case of conditional β-convergence where balanced growth paths are identical across economies, we focus on the conditional concept and call it β-convergence.
because, intuitively, it seems to be necessary for σ-convergence. As shown below, this is indeed the case.
Section II outlines why σ-convergence may not accompany β-convergence.
Section III cites evidence of β-convergence in the U.S. Section IV describes U.S. countylevel data that section V uses to demonstrate that σ-convergence does not occur across the U.S., or within a large majority of U.S. states. The lack of σ-convergence remains even if the measure of dispersion makes allowance for higher average income over time.
Section VI concludes.
II. β-Convergence Versus σ-Convergence
This section follows Sala-i-Martin's (1996, pp. 1329-1330) notation. Assume that β-convergence holds for economies i = 1, . . .,N. Log income for i can be approximated by,
where 0 < β < 1 and u it has mean zero, finite variance ( 2 u σ ), and is independent over t and i. Manipulating (1) yields,
so that β > 0 implies the negative partial correlation between growth and initial log income.
The sample variance of log income in t is,
where µ t is the sample mean of log (income). The sample variance is close to the population variance when N is large, and (1) can be used to derive the evolution of 2 t σ :
( )
Only if 0 < β < 1 is the difference equation stable, so β-convergence is necessary for σconvergence. (If β < 0 the variance increases over time.) Given 0 < β < 1, the steadystate variance is,
The cross-sectional dispersion falls with β but rises with 2 u σ . Combining (3) and (4) yields,
which is a first-order linear difference equation with constant coefficients. Using the methods discussed by Sargent (1987, pp. 176-183) , the solution to (5) is,
Thus, as long as 0 < β < 1, then |1 -β| < 1 and
which ensures the stability of 2 t σ because it implies that,
Moreover, since (1 -β) > 0, the approach to ( ) * 2 σ is monotonic.
I t follows that the variance will increase or decrease towards its steady-state value depending on the initial 2 0 σ . Therefore, 2 t σ can be rising even if β-convergence is the rule. Intuitively, economies can be β-converging towards one another while, at the same time, random shocks are pushing them apart.
The above example is stylized. In real economies, σ-convergence would also depend on whether or not disturbances are correlated, and have constant variances, across time and economies. Still, even in the stylized example, β-convergence is necessary but not sufficient for σ-convergence. 
III. β-Convergence

IV. U.S. County-Level Data
We explore whether or not σ-convergence is occurring using county-level data. For the vast majority of states, as well as for the full U.S., σ-divergence is present.
One argument against interpreting Table 1 as a deterioration of income equity is that it ignores the increase in the means of the distributions. We have not seen this argument explicitly made in the literature, but the intuition is (to use an international example) that a 1990 standard deviation of per capita income of $100 is not a big deal in the U.S., but it certainly is in Mali (per capita GDP of $521) (Barro and Sala-i-Martin, 1995, Table 10 .1). As a consequence, we report coefficients of variation (COVs) in Table 2 . 5 Again, for the full sample the 1998 COV (0.0301) is larger than the 1970 COV 4 Consider this example: 50 states, 25 of which have population growing at 2 percent per year and 25 of which have no population growth. If none of the RGSPs change over the time period considered, Tsionas would have reported no change in cross-sectional distribution. Clearly, with the proper per capita measure, σ-divergence would have been evident. 5 The coefficient of variation is the standard deviation divided by the mean.
(0.0298); and, again, for the vast majority (42 out of 50) of states the 1998 COV is larger than the 1970 COV. (In one state the COVs are identical.)
Some have suggested that interpreting measures of dispersion may not be straightforward because the distributions may not be unimodal. See Quah (1997) and Desdoigts (1999) . However, for the U.S., Figure 1 demonstrates that the distribution is unimodal in both 1970 and 1998. 6
VI. Conclusion
Given the evidence in favor of β-convergence in the U.S., our interpretation of σdivergence is that the U.S. and its constituent states are approaching steady-state levels of income disparity from below. Another interpretation is that there is increasing disparity in balanced growth path heights or balanced growth rates. However, this seems unlikely considering the relative homogeneity of counties across the U.S. (and certainly within given states). 
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